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                 2015 
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                      EXAMINATION 

 

   

Mathematics Extension 2 
 

 

General Instructions 

 Reading Time – 5 minutes   

 Working time – 3 hours 

 Write using black or blue pen 

         Black pen is preferred. 

 Board‐approved calculators may 

be used. 

 A table of standard integrals is 

provided at the back of this paper.

 In Questions 11 – 16, show 

relevant mathematical reasoning 

and/or calculations. 

 All answers should be given in 

simplest exact form unless 

otherwise specified. 

Total marks – 100  

         Section I      Pages 3 – 7  

10 Marks 

 Attempt Questions 1 – 10  

 Answer on the Multiple Choice answer sheet 

provided 

 Allow about 15 minutes for this section 

         Section II     Pages 8 – 17 

90 Marks 

 Attempt Questions 11 – 16. 

 Answer on the blank paper provided. 

 Begin a new page for each question. 

 Allow about 2 hours and 45 minutes for this 

section. 
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Section I  

10 marks 

Attempt Questions 1–10  

Use the multiple-choice answer sheet for Questions 1–10. 

 

(1) An object rotates at 40 rpm and is moving at 30 m/s. The radius of the motion is 
 

 
(A) 1.33 m 

 

 
(B) 6.37 m 

 

 
(C) 7.16 m 

 

 

(D) 20 m 
 
 
 

(2) Let ݖ ൌ 3 െ ݅. What is the value of ݅ݖ? 
 

 
(A) 1 3i   
 

 
(B) 1 3i   
 

 
(C) 1 3i  
 

 (D) 1 3i  
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(3) Which of the following is an expression for ׬
ௗ௫

√଻ି଺௫ି௫మ
 ? 

 
(A) 

ଵ

ସ
sinିଵ ቀ

௫ିଷ

ସ
ቁ ൅ ܿ 

 

 
(B) 

ଵ

ସ
sinିଵ ቀ

௫ାଷ

ସ
ቁ ൅ ܿ 

 

 
(C) sinିଵ ቀ

௫ିଷ

ସ
ቁ ൅ ܿ 

 

 
 

(D) sinିଵ ቀ
௫ାଷ

ସ
ቁ ൅ ܿ 

 
 

(4) How many ways can 5 boys and 3 girls be arranged around a circular table such that no 
two girls sit next to each other? 

 

 
(A) 144 

 

 

(B) 432 
 

(C) 720 
 

(D) 1440 
 
 

(5) What is the solution to the equation tanିଵሺ4ݔሻ െ tanିଵሺ3ݔሻ ൌ tanିଵ ቀଵ
଻
ቁ? 

 

 
(A) ݔ ൌ

ଵ

଻
 or ݔ ൌ

ଶ

଻
 

 

 
(B) ݔ ൌ

ଵ

ଷ
 or ݔ ൌ

ଶ

ଷ
  

 

 
(C) ݔ ൌ

ଵ

ଷ
 or ݔ ൌ

ଵ

ସ
  

 

 
 

(D)  ݔ ൌ 3 or ݔ ൌ 4 
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(6) The diagram below shows the graph of the function ( )y f x . 

 
 

Which diagram represents the graph of 2 ( )y f x ? 

 

(A)
 

(B)
 

 

(C)
 

(D)
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(7) Use the substitution ݐ ൌ tan
௫

ଶ
 to find െ׬ sec ݔ  .ݔ݀

 

 
(A) ln|ሺݐ െ 1ሻሺݐ ൅ 1ሻ| ൅ ܿ 

 

 
(B) ln|ሺ1 െ ݐሻሺݐ ൅ 1ሻ| ൅ ܿ 

 

 
(C) ln ቚ

ଵା௧

௧ିଵ
ቚ ൅ ܿ 

 

 
(D) ln ቚ

௧ିଵ

௧ାଵ
ቚ ൅ ܿ 

 
 

 
 
 

(8) What is the eccentricity of the hyperbola 4ݔଶ െ ଶݕ25 ൌ 9? 
 

 (A) √ଶଵ

ହ
 

 

 (B) √ଶଽ

ହ
 

 

 (C) √ଶଵ

ଶ
 

 

 (D) √ଶଽ

ଶ
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(9) Part of the graph of ݕ ൌ ݂ሺݔሻ is shown below 

 

ݕ ൌ ݂ሺݔሻ could be 

 

(A) ݕ ൌ െ tan ቀ2ݔ െ గ

଺
ቁ	 

 

(B) ݕ ൌ െ tan ቀ2ݔ െ గ

ଷ
ቁ	 

 

(C) ݕ ൌ cot ቀ2ݔ െ గ

ଵଶ
ቁ	 

 

(D) ݕ ൌ cot ቀ2ݔ െ గ

଺
ቁ	 

 

 

(10) The polynomial equation 3 23 2 0x x x     has roots ,   and    . Which one of 
the following polynomial equations has roots 2    , 2     and 

2    ? 

 

 
(A) 3 26 44 49 0x x x     
 

 
(B) 3 212 44 49 0x x x     
 

 
(C) 3 23 36 5 0x x x     
 

 (D) 
3 26 36 5 0x x x     

  



Page 8 
 

Section II 

90 marks 

Attempt Questions 11–16 

Start each question on a NEW sheet of paper. 

Question 11 (15 marks) 

Use a NEW sheet of paper. 

(a) If ݖ ൌ ሺ1 െ ݅ሻିଵ 
  

(i) Express ̅ݖ in modulus-argument form. 
 [2] 

(ii) If ሺ̅ݖሻଵଷ ൌ ܽ ൅ ܾ݅ where a and b are real numbers, 
find the values of a and b. [2] 
 
 

(b) Find 
(i)    [1] 

නݔଷ݁௫
రା଻݀ݔ 

 
 

(ii)    [2] 

නsecଷ ݔ tan ݔ  ݔ݀	

 
 

(c) Find the Cartesian equation of the locus of a point P which represents 
the complex number z where |ݖ െ 2݅| ൌ  [2] |ݖ|
 
 
 

(d) Sketch the region in the complex plane where ܴ݁ሾሺ2 െ 3݅ሻݖሿ ൏ 12 [2] 
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(e)  

(i) Express 
௫మା௫ାଶ

ሺ௫మାଵሻሺ௫ାଵሻ
 in the form  

஺௫ା஻

௫మାଵ
൅ ஼

௫ାଵ
,               

where A, B and C are constants. [2] 
 
 

(ii) Hence find  [2] 

න
ଶݔ ൅ ݔ ൅ 2

ሺݔଶ ൅ 1ሻሺݔ ൅ 1ሻ
 ݔ݀

 

End of Question 11 
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Question 12 (15 marks) 

Use a NEW sheet of paper. 

(a)   

 
Using four separate graphs sketch: 

 
(i) ݕ ൌ ݂ᇱሺݔሻ [2] 
 
(ii) |ݕ| ൌ ݂ሺݔሻ [2] 
  

(iii) ݕ ൌ ଵ

௙ሺ௫ሻ
  [2] 

 

(iv) ݕ ൌ 3௙ሺ௫ሻ [2] 
 
 

(b) Evaluate [3] 

න
ݔ݀

ଶݔ െ ݔ8 ൅ 19

଻

ସ
 

 

(c) Let ݂ሺݔሻ ൌ ௫యାଵ

௫
. 

  
(i)  Show that  [1] 

lim
௫→േஶ

ሾ݂ሺݔሻ െ ଶሿݔ ൌ 0 

 
 

(ii) Part (i) shows that the graph of ݕ ൌ ݂ሺݔሻ is asymptotic to the 
parabola ݕ ൌ ݕ ଶ. Use this fact to help sketch the graphݔ ൌ ݂ሺݔሻ. [3] 

 
 
End of Question 12 
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Question 13 (15 marks) 

Use a NEW sheet of paper. 

 
(a) If ߱ is the root of ݖହ െ 1 ൌ 0 with the smallest positive argument, find the 

real quadratic equation with roots ߱ ൅ ߱ସ and ߱ଶ ൅ ߱ଷ. [3] 
 
 

(b) Given the polynomial ܲሺݔሻ ൌ ଷݔ ൅ ଶݔ ൅ ݔ݉ ൅ ݊ where m and n are real 
numbers: 
 

(i) If ሺ1 െ 2݅ሻ is a zero of ܲሺݔሻ factorise ܲሺݔሻ into complex linear 
factors. [2] 
 

(ii) Find the values of m and n. [2] 

 
(c)   

(i) An ellipse has major and minor axes of lengths 12 and 8 
respectively. Write a possible equation of this ellipse. [1] 
 

(ii) A solid has the elliptical base from part (i). Sections of the solid, 
perpendicular to its base and parallel to the minor axis, are 
semi-circles. Find the volume of the solid. [3] 

 
 

(d)    
(i) Let ܲሺݔሻ be a degree 4 polynomial with a zero of multiplicity 3. 

Show that ܲᇱሺݔሻ has a zero of multiplicity 2. [2] 
 

(ii) Hence find all the zeros of ܲሺݔሻ ൌ ସݔ8 െ ଷݔ25 ൅ ଶݔ27 െ ݔ11 ൅ 1, 
given that it has a zero of multiplicity 3. [2] 

 
End of Question 13 
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Question 14 (15 marks) 

Use a NEW sheet of paper. 

 
(a)     

(i) Given that 
  

f (x) dx
0

a

  f (a  x) dx
0

a

 , show that xcos2x dx
0



  0 . [2] 

 
(ii)      

 
 
 
 
 
 
 

The area bounded by the curve y  sin2 x  and the x-axis between 

  x  0 and x   is rotated through one revolution about the y-axis. 

By taking the limiting sum of the volumes of cylindrical shells find 
the volume of this solid. [2] 
 
 

(b) ܲ ቀݐ, ଵ
௧
ቁ  is a variable point on the rectangular hyperbola xy  1. M is the foot 

of the perpendicular from the origin to the tangent to the hyperbola at P. 

 
(i) Show that the tangent to the hyperbola at P has equation 

  x  t 2 y  2t . [2] 

 
(ii) Find the equation of OM. [1] 
 
 
(iii) Show that the equation of the locus of M as P varies is 

ସݔ ൅ ଶݕଶݔ2 െ ݕݔ4 ൅ ସݕ ൌ 0 and indicate any 
restrictions on the values of x and y. [3] 

x

y

0 

1

y  sin2 x
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(c) PT is a common tangent to the circles which touch at T. PA is a tangent to the 
smaller circle at Q. 

 
 
 
 
 
 
 
 
 
 
 
 

(i) Prove that ∆BTP is similar to ∆TAP. [2] 
 

(ii) Hence show that PT2 = PA ൈ PB. [1] 
 

(iii) If PT = t, QA = a and QB = b prove that 
ba

ab
t


 . [2] 

 

End of Question 14 
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Question 15 (15 marks) 

Use a NEW sheet of paper. 

 

(a) Evaluate [3] 
 

න ଻ݔ logୣ ݔ
௘

ଵ
 ݔ݀

 
(b)       

(i) On the same diagram sketch the graphs of the ellipses 

:ଵܧ
௫మ

ସ
൅ ௬మ

ଷ
ൌ 1 and ܧଶ:

௫మ

ଵ଺
൅

௬మ

ଵଶ
ൌ 1, showing clearly 

the intercepts on the axes. Find the coordinates of the foci and 
the equations of the directrices of the ellipse ܧଵ. [2] 

 
 
(ii) ܲ൫2 cos ݌ , √3 sin ൯, where 0݌ ൏ ݌ ൏ గ

ଶ
, is a point on the 

ellipse ܧଵ. Use differentiation to show that the tangent to the 

ellipse ܧଵ at P has equation 
௫ ୡ୭ୱ௣

ଶ
൅ ௬ ୱ୧୬௣

√ଷ
ൌ 1. [2] 

 
 
(iii) The tangent to the ellipse ܧଵ at P meets the ellipse ܧଶ at the 

points ܳ൫4 cos ݍ , 2√3 sin ൯ and ܴ൫4ݍ cos ݎ , 2√3 sin  ൯, whereݎ

െߨ ൏ ݍ ൏ ߨand െ ߨ ൏ ݎ ൏  Show that q and r differ by .ߨ
ଶగ

ଷ
. [2] 
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(c) The diagram shows an isosceles triangle PAB. PM is the bisector of 
ܤܲܣ∠ where ,ܤܲܣ∠ ൌ  PM bisects AB. A and B represent the .ߚ
complex numbers 1z  and 2z  respectively. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(i) Find the complex number represented by 
 
 ܯܣሬሬሬሬሬሬԦ [1] 
 

 ܲܯሬሬሬሬሬሬԦ [2] 
 

(ii) Hence show that P represents the complex number 

21 2
cot1

2

1

2
cot1

2

1
zizi 





 






 


 [3] 

 

End of Question 15 
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Question 16 (15 marks) 

Use a NEW sheet of paper. 

 

(a) A bowl is formed by rotating the hyperbola ݕଶ െ ଶݔ ൌ 1 for 1 ൑ ݕ ൑ 5 through 
180° about the y-axis. Sometime later, a particle P of mass m moves around the 
inner surface of the bowl in a horizontal circle with constant angular velocity ߱. 

 

(i) Show that if the radius of the circle in which P moves is r, then the 
normal to the surface at P makes an angle ߙ with the horizontal as shown 

in the diagram where tan ߙ ൌ
√ଵା௥మ

௥
. [2] 

 
(ii) Draw a diagram showing the forces on P. [1] 

 
 

(iii) Find the expressions for the radius r of the circle of motion and the 
magnitude of the reaction force between the surface and the particle in 
terms of m, g and ߱. [3] 
 

(iv) Find the values of ߱ for which the described motion of P is possible. [1] 

 

 

 

 

 

 

 

 

 

 ݎ

ଶݕ െ ଶݔ ൌ 1 
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(b) Let   

௡ܫ ൌ න ሺ1 െ ln ݔሻ௡݀ݔ
௘

ଵ
		where	݊ ൌ 0,1,2, … 

 
(i) Show [2] 

௡ܫ ൌ െ1 ൅ ݊	where	௡ିଵܫ݊ ൌ 1,2,3,… 
 

(ii) Hence evaluate  [2] 

න ሺ1 െ ln ݔሻଷ݀ݔ
௘

ଵ
 

 
 

(iii) Show that  [2] 

௡ܫ
݊!
ൌ ݁ െ෍

1
!ݎ

௡

௥ୀ଴

 where	݊ ൌ 1,2,3, … 

 
(iv) Show that 0 ൑ ௡ܫ ൑ ݁ െ 1. [1] 

 
 

(v) Deduce that  [1] 

lim
௡→ஶ

෍
1
!ݎ

௡

௥ୀ଴

ൌ ݁ 

 

End of Question 16 

End of Exam 
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